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A quantum field theoretic treatment of the leading light–cone part of the virtual Compton amplitude is presented.
The twist–decomposition of the operators is performed by a group–theoretic procedure respecting the Lorentz
group O(3, 1). The twist–2 contributions to the Compton amplitude are calculated and it is shown that the
electromagnetic current is conserved for these terms. Relations between the amplitude functions associated to the
symmetric and asymmetric part of the Compton amplitude are derived. These relations generalize the Callan–
Gross and Wandzura–Wilczek relations of forward scattering for the non–forward Compton amplitude.
1. INTRODUCTION
Compton scattering of a virtual photon off a
hadron γ∗1 + p1 → γ′∗2 + p2 is an important pro-
cesses in QCD: theoretically it can be treated
in detail and experimentally it can be tested for
a large variety of processes. In lowest approxi-
mation in the electromagnetic coupling it is de-
scribed by
Tµν(p+, p−, q) = i
∫
d4x eiqx × (1.1)
〈p2, S2 |T (Jµ(x/2)Jν(−x/2))| p1, S1〉 ,
where
p± = p2 ± p1, q = 12 (q1 + q2) ,
with q1 (q2) and p1 (p2) being the four–momenta
of the incoming (outgoing) photon and hadron,
respectively, and S1, S2 being the spins of the
initial– and final–state hadron, where p1 + q1 =
p2 + q2. The generalized Bjorken region is the
asymptotic domain being defined by
ν = qp+ −→∞, −q2 −→∞ ,
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where the two scaling variables
ξ = − q
2
qp+
, η =
qp−
qp+
=
q21 − q22
2ν
(1.2)
are fixed. Of special experimental importance
are the cases of deep inelastic scattering (DIS)
described by the absorptive part of the forward
Compton amplitude, η = 0, and the deeply vir-
tual Compton scattering (DVCS) with one real
outgoing photon q22 = 0 corresponding to ξ = −η.
In the generalized Bjorken region the amplitude
(1.1) is dominated by the light–cone singularities
which allows to apply the (non–local) operator
product expansion of T (Jµ(x/2)Jν(−x/2)).
Our aim is a detailed quantum field theoretic
investigation of that approach, cf. Refs. [ 1, 2].
In contrast to earlier considerations [ 3, 4] we take
into account the explicit twist decomposition of
the non–local vector operators, and their matrix
elements, which thereby occur. The twist decom-
position in the case of the quark–antiquark op-
erators has been treated in [ 5]. An extension
to the gluon operators and more general multi-
particle operators is given in [ 6]. The relations
between vector and scalar operators of twist 2
allows to express the final results with the help
of matrix elements of the scalar operators only.
In addition, this procedure leads to the deriva-
2tion of new relations [ 2] on the amplitude level
which correspond in the case of forward scatter-
ing to the Callan-Gross and Wandzura-Wilczek
relations. Furthermore, the electromagnetic cur-
rent conservation may be shown to hold on the
level of the twist 2 contributions.
2. LIGHT–CONE–EXPANSION
The Compton amplitude for the case of non–
forward scattering, Eq. (1.1), in the generalized
Bjorken region is dominated by the light–cone sin-
gularities. Therefore, the T –product of the elec-
tromagentic currents will be approximated by its
non–local light–cone expansion [ 7] – a summed–
up form of the local light–cone expansion which
allows for a quite compact representation of the
resulting expressions.
Let us present a series of intuitive arguments
leading to that approximation. We start from
the renormalized time-ordered operator product
(S being the renormalized S–matrix):
T̂µν(x) = iRT [Jµ (x/2)Jν (−x/2)S] .
At first we consider this expression in the Born
approximation
T̂µν(x) = −e2 x
λ
2π2(x2 − iǫ)2 ×[
ψ
(
x
2
)
γµγλγνψ
(
−x
2
)− ψ(−x
2
)
γνγλγµψ
(
x
2
)]
.
Here e denotes the charge of the fermion field ψ.
We dropped the flavor indices in the expressions
considered. Reordering in the standard way the
Dirac–structure we obtain
T̂µν(x) = −e2 x
λ
iπ2(x2 − iǫ)2 × (2.1)[
SαµλνO
α
(
x
2
, −x
2
)− iεαµλνOα5 (x2 , −x2 )
]
,
where
Sαµλν = gαµgλν + gλµgαν − gµνgλα .
The essential objects are the bilocal operators
Oα
(
x
2
, −x
2
)
= (2.2)
= i
2
[
ψ
(
x
2
)
γαψ
(
−x
2
)− ψ(−x
2
)
γαψ
(
x
2
)]
,
Oα5
(
x
2
, −x
2
)
= (2.3)
= i
2
[
ψ
(
x
2
)
γ5γ
αψ
(
−x
2
)
+ ψ
(
−x
2
)
γ5γ
αψ
(
x
2
)]
.
Expression (2.1) satisfies electromagnetic current
conservation in the case of free fields, i.e. at ze-
roth order in QCD. We are interested, however,
in the case of general fields ψ and the twist–2 op-
erators associated to them. We calculate these
operators at leading order passing the following
steps.
STEP 1: Use gauge invariant operators in place
of (2.2), (2.3). This is achieved by including the
phase factor U(y, z) = P exp(ig ∫ y
z
Aµdx
µ). The
integration can be performed over a straight path
connecting y and z.
STEP 2: Perform the twist decomposition of
these operators according to [ 5] and restrict to
the twist–2 (axial) vector operators only.
STEP 3: Take the operators as renormalized ones
(at the light–cone) to all orders of QCD:
Otw2α
(
x˜
2
, −x˜
2
)
= (2.4)
= i
2
RT
{[
ψ
(
x˜
2
)
γαU(
x˜
2
, −x˜
2
)ψ
(
−x˜
2
)
−ψ(−x˜
2
)
γαU(
−x˜
2
, x˜
2
)ψ
(
x
2
)]tw2
S
}
,
Otw25 α
(
x˜
2
, −x˜
2
)
= (2.5)
= i
2
RT
{[
ψ
(
x˜
2
)
γ5γαU(
x˜
2
, −x˜
2
)ψ
(
−x˜
2
)
+ψ
(
−x˜
2
)
γ5γαU(− x˜2 ,
x˜
2
)ψ
(
x˜
2
)]tw2
S
}
,
where
x˜ = x+ ζ
[√
(xζ)2 − x2ζ2 − (xζ)]/ζ2
and ζ is a subsidiary vector. Therefore our final
expression to be considered in the following reads
T̂ tw2µν (x) = −e2
x˜λ
iπ2(x2 − iǫ)2 × (2.6)[
SαµλνO
tw2
α
(
x˜
2
, −x˜
2
)− iεαµλνOtw25 α( x˜2 , −x˜2 )
]
.
3. TWIST DECOMPOSITION
We are confronted now with the twist decom-
position of non–local operators. The concept of
twist was originally introduced in [ 8] and suc-
cessfully applied in [ 9]. The twist decomposi-
tion of simple non–local operators was studied in
3[ 10]. for the first time. A unique group the-
oretical procedure, based on the decomposition
of related local tensor operators into irreducible
ones with respect to the Lorentz group O(3, 1)
has been introduced recently and successfully ap-
plied to non–local tensor operators up to second
rank [ 5, 6].
As an example let us consider the following (un-
centered, unsymmetrized) quark operator
OΓ (0, κx) =
[
ψ(0)ΓU(0, κx)ψ(κx)
]
,
where Γ = {1, γ5; γα, γαγ5;σαβ}. Its expansion
into local operators reads
OΓ (0, κx) =
∞∑
n=0
κn
n!
xµ1xµ2 ....xµn × (3.1)
[
ψ(0)ΓDµ1(y)Dµ2(y)....Dµn(y)ψ(y)
] ∣∣
y=0
,
where Dµ(y) denotes the covariant derivative
taken at y. Now, the local operators whose tensor
structure is determined by Γ, e.g., αβ(µ1 . . . µn),
and being totally symmetric with respect to
µ1 . . . µn are to be decomposed into irreducible
tensors. These tensors should be traceless and
their symmetry behavior is uniquely determined
by Young patterns (m1,m2, . . .mr) whose i-th
row has length mi. In the (pseudo) scalar case
the only allowed Young pattern is (n), in the
(axial) vector case there are two Young patterns
(n + 1) and (n, 1), whereas in the antisymmet-
ric resp. symmetric tensor case the Young pat-
terns (n+1, 1) and (n, 1, 1) resp. (n+2), (n+1, 1)
and (n, 2) appear. The complete decomposition
of the local tensors into irreducible ones besides
the leading twist part contains also irreducible
tensors of higher twist being related to the trace
terms (e.g., in the symmetric tensor case contri-
butions up to twist 6 occur, cf. [ 6]). The next
step to be performed consists in resuming, accord-
ing to (3.1), the towers (with respect to n) of the
local operators with the same twist to non–local
operators of definite twist which are tensorial har-
monic functions. Let us remark that according to
this definition the twist decomposition depends
on the basic point y = 0 where the local expan-
sion is made. Finally, these non–local operators
are to be projected onto the light–cone in order
to obtain the twist decomposition of the light–ray
operators we are seeking for.
Now we list those results of [ 5] which are rele-
vant for the present consideration:
(a) Twist–2 scalar quark operators for arbitrary
positions κ1x and κ2x are given by
Otw2(κ1x, κ2x) = O(κ1x, κ2x) (3.2)
+
∞∑
k=1
∫ 1
0
dt
(1−t
t
)k−1 (−x2)k✷k
4kk!(k − 1)!O(κ1tx, κ2tx),
with (compare Eq. (2.2))
O(κ1x, κ2x) = (3.3)
= i
2
RT
{ [
ψ(κ1x)(xγ)U(κ1x, κ2x)ψ(κ2x)
−ψ(κ2x)(xγ)U(κ2x, κ1x)ψ(κ1x)
]
S
}
.
The operator (3.2) being of leading twist, i.e.,
with all traces being subtracted, obeys the fol-
lowing important relation
✷Otw2(κ1x, κ2x) = 0 . (3.4)
Obviously, on the light–cone, x→ x˜, both opera-
tors, (3.2) and (3.3), coincide.
(b) Twist–2 vector quark operators are shown to
be determined through the twist–2 scalar quark
operator by [ 5]
Otw2α (κ1x, κ2x) =
∫ 1
0
dτ ∂αO
tw2(κ1τx, κ2τx), (3.5)
which, after projecting onto the light–cone, is cru-
cial for the reduction of the matrix elements of the
operators (2.4, 2.5) to those of the corresponding
(pseudo)scalar operators. The operator (3.5) sat-
isfies the relations
✷Otw2α (κ1x, κ2x) = 0 , (3.6)
∂αOtw2α (κ1x, κ2x) = 0 . (3.7)
The second of these relations is crucial for current
conservation. Let us remark that on the light–
cone these relations have to be written by using
the interior derivative [ 11], namely
∂α → dα ≡ (1 + x˜∂˜)∂˜α − 12 x˜α∂˜2 with d2 = 0 .
Quite analogous relations hold for the pseu-
doscalar as well as axial vector operators.
44. MATRIX ELEMENTS OF TWIST–2
OPERATORS
Our aim is to obtain an expression for the non–
forward Compton amplitude. Up to now we con-
sidered the representation of the T –product of
currents containing twist–2 non–local (axial) vec-
tor operators. The next step will be to perform
matrix elements of that T –product which, be-
cause of Eq. (3.5), can be traced back to matrix
elements of the (pseudo) scalar operators (3.2).
Let us consider these matrix elements first. They
decompose into two parts having a Dirac and a
Pauli structure, respectively:
e2
〈
p2, S2
∣∣Otw2 (x/2,−x/2)∣∣ p1, S1〉 (4.1)
= i u(p2, S2)(γx)u(p1, S1) ×∫
Dze−ixp(z)/2f(z1, z2, pipjx
2, pipj , µ
2
R)
+ i u(p2, S2)(xσp−)u(p1, S1) ×∫
Dze−ixp(z)/2g(z1, z2, pipjx
2, pipj , µ
2
R) ,
where (xσp−) ≡ xασαβpβ− and p(z) ≡ p1z1+p2z2,
µR denotes the renormalization scale and
Dz = 1
2
dz1dz2θ(1−z1)θ(1+z1)θ(1−z2)θ(1+z2).
The kinematic decomposition given above follows
if one takes into account that the spinors u(pi, Si)
describing the hadrons satisfy the free Dirac equa-
tion. The functions f(z1, z2, (pipj)x
2, (pipj), µ
2
R)
are the parton distribution amplitudes and zi are
the momentum fractions. For brevity we drop the
remaining variables. In the present approach we,
moreover, set (pi.pj) ≈ 0. Under these assump-
tions the relation (3.4) is also valid for the matrix
elements:
✷〈p2, S2|Otw2(x/2,−x/2)|p1, S1〉 = (4.2)
〈p2, S2|✷Otw2(x/2,−x/2)|p1, S1〉 = 0 .
Now, let us reconstruct the vector operator us-
ing Eq. (3.5). We obtain
e2〈p2, S2
∣∣Otw2α (x/2,−x/2)∣∣ p1, S1〉 (4.3)
= i
∫
Dz e−ixp(z)/2F (z1, z2) ×
[u(p2, S2)γαu(p1, S1)
− i
2
pα(z)u(p2, S2)(γx)u(p1, S1)]
+ i
∫
Dz e−ixp(z)/2G(z1, z2) ×
[u(p2, S2)σαβp
β
−u(p1, S1)
− i
2
pα(z)u(p2, S2)(xσp−)u(p1, S1)] ,
where
F (z1, z2) =
∫ 1
0
dλ
λ2
f
(z1
λ
,
z2
λ
)
, (4.4)
and an analogous representation connects G to
g. Moreover, similar representations between the
corresponding functions f5, F5, g5 and G5 are
valid for the operators containing γ5. Note that
also here the necessary conditions
✷〈p2, S2|Otw2(5)α(x/2,−x/2)|p1, S1〉 = 0 (4.5)
∂α〈p2, S2|Otw2(5)α(x/2,−x/2)|p1, S1〉 = 0 (4.6)
are satisfied. The relations (4.4) are of central
importance since they form the theoretical ba-
sis of the Wandzura–Wilczek relations and allow
expressions for the non–forward Compton ampli-
tude based on expectation values of scalar oper-
ators only.
5. CURRENT CONSERVATION
Current conservation is a very important crite-
rion for the relevance of the derived expressions.
Formally we have to start with Eq. (1.1), and ap-
ply Eq. (2.6) and the expressions for the matrix
elements (4.3). In the case of forward scattering
current conservation holds [ 12].
For non–forward scattering one is confronted
with the following problem. Let us consider the
asymmetric current product with respect to x = 0
T̂ tw2µν (κ1x, κ2x) = −e2
xλ
iπ2(x2 − iǫ)2 × (5.1)[
SαµλνO
tw2
α (κ1x, κ2x)− iεαµλνOtw25 α(κ1x, κ2x)
]
,
where κ1 − κ2 = 1. It is easy to convince oneself
that, independent of the values of κi,
∂µx T̂µν(κ1x, κ2x) = 0 = ∂
ν
x T̂µν(κ1x, κ2x), (5.2)
holds because the relations (3.6) and (3.7) are
satisfied. These relations, ensuring tracelessness
5of the vector operators of definite twist, are not
changed by perturbation theory and renormaliza-
tion.
This proves conservation of the first (or second)
current if κ1 = 1, κ2 = 0 (or κ1 = 0, κ2 = −1) is
chosen. However, if conservation of both electro-
magnetic currents simultaneously shall be proven
we have to study
iRT [Jµ(x)Jν (y)S]
tw2 = −e2 ξ
λ
iπ2(ξ2 − iǫ)2 ×
[SαµλνO
tw2
α (η +
ξ
2 , η − ξ2 )
−iǫαµλνOtw25 α(η + ξ2 , η − ξ2 )] , (5.3)
where η = (x + y)/2 by convention denotes the
reference point for the twist decomposition, and
ξ = x− y approaches the light–cone. Because of
Otw2(5)α
(
η + ξ2 , η − ξ2
)
:= e−iηP Otw2(5)α
(
ξ
2 ,− ξ2
)
eiηP ,
where Pµ is the momentum operator, we find
that Eqs. (5.2) hold with respect to the variable
ξ which is part of x and y. Therefore, apply-
ing both derivations, either ∂∂xµ =
1
2
∂
∂ηµ +
∂
∂ξµ or
∂
∂yµ =
1
2
∂
∂ηµ − ∂∂ξµ , to the expression (5.3) there
remains, in both cases, a non–vanishing part
which is proportional to [Pµ, O
tw2
(5)α(η +
ξ
2 , η − ξ2 )].
This shows that the proof of current conserva-
tion essentially depends on the choice of the refer-
ence point for the twist definition: translation of
the non–linear operator also shifts that reference
point. It prevented us from proving conservation
of both currents simultaneously. This intrinsic
problem of all the twist definitions could be very
important when non–leading twist contributions
are considered.
Let us turn to the case of twist 2 now. For
the explicit calculations of the resulting expres-
sions we use a normalized helicity basis, cf. [ 2],
with ε
(i)
0µ = qiµ/
√
|q2i | for q2i < 0 resp. ε(i)0µ =
qiµ/(
√
2|q0i|) for q2i = 0. We have shown in Ref. [
2], that the current violating contributions are of
O(ν−1/2 × OME) or higher order. These terms
are of higher twist and have to be dealt with the
operator matrix elements of the higher twist op-
erators. 2
2C. Weiss has proven recently [ 13] using the represen-
tation of [ 10] that the terms ∝ O(ν−1/2) cancel with
corresponding terms due to twist–3 operators.
6. INTEGRAL RELATIONS
Here we present the final expression for the
Compton amplitude. The calculations are given
in [ 2]. We split the amplitude into its sym-
metric part and the antisymmetric part T µν =
T µνs + T
µν
as . In the case of forward scattering the
former one corresponds to the unpolarized and
the latter one to the polarized contribution. First
we consider the symmetric part:
T µν,tw2s = −
1
ν
∫ 1
−1
dt
1
ξ + t− iε × (6.1){[
2
(
gµν(qp+)− (qµpν+ + qνpµ+)
)
f1(t, η)
+ pµ+p
ν
+f2(t, η)
]
u(p2, S2)(γq)u(p1, S1)
+
[
2
(
gµν(qp+)− (qµpν+ + qνpµ+)
)
g1(t, η)
+ pµ+p
ν
+g2(t, η)
]
u(p2, S2)(qσp−)u(p1, S1)
}
+non− leading terms ,
where t = z+ + ηz−, z± =
1
2 (z2 ± z1). Here the
partition functions fi and gi are ‘one–variable’
distribution amplitudes which are defined by
f(5)(t, η) =
∫
dz− f(5)(z+ = t− ηz−, z−), (6.2)
g(5)(t, η) =
∫
dz− g(5)(z+ = t− ηz−, z−), (6.3)
from the ‘two–variable’ distribution amplitudes
used in the representation (4.1) of the matrix
elements of the (pseudo) scalar operators. Un-
like the case of forward scattering these functions
do not depend on scaling variables only but be-
sides of the scaling variable η which describes
non–forwardness of the combination of momen-
tum fractions t. The following new relations are
obtained between the amplitude–functions fi(gi),
see [ 2] :
f2(t, η) = 2tf1(t, η) ≡ 2f(t, η), (6.4)
g2(t, η) = 2tg1(t, η) ≡ 2g(t, η) . (6.5)
These relations are structurally similar to the
Callan–Gross relation for forward scattering.
There, by virtue of the optical theorem, 1ξ+t+iǫ →
iπδ(t+ξ) and for p2 → p1 = p it follows t→ z+ ≡
6z, t is turned into a scaling variable. In the above
expressions furthermore
u(p2, S2)(γq)u(p1, S1) → 2pq,
u(p2, S2)(qσp−)u(p1, S1) → 0
holds in the latter case.
The result for the antisymmetric part is more
complicated:
T(λ1)(λ2) = ǫ
(2)
µ(λ1)
ǫ
(1)
ν(λ2)
T µν,tw2as
= iǫµρνσǫ
(2)
µ(λ1)
ǫ
(1)
ν(λ2)
Bρσ (6.6)
with
Bρσ = − q
ρ
ν2
[ ∫ 1
−1
dt
1
ξ + t− iε ×{(
f5,1(t, η) + f5,2(t, η)
)
νS12σ
+
(
g5,1(t, η) + g5,2(t, η)
)
νΣ12σ
+f5,2(t, η)p
σ
+(qS
12) + g5,2(t, η)p
σ
+(qΣ
12)
}]
.
Here, we used the following abbreviations for the
spinor structure
S12σ = −12u(p2, S2)γ5γσu(p1, S1),
Σ12σ = −12u(p2, S2)γ5σσρp
ρ
−u(p1, S1).
In the case of forward scattering p2 → p1 = p,
S12σ → Sσ and Σ12σ → 0 holds, where Sσ is the
spin vector introduced for forward scattering. We
obtain the following relations for the amplitude
functions, cf. [ 2] :
f5,1(t, η) ≡ f5(t, η), (6.7)
f5,2(t, η) = −f5(t, η) +
∫ sgn t
t
dz
f5(z, η)
z
, (6.8)
g5,1(t, η) ≡ g5(t, η), (6.9)
g5,2(t, η) = −g5(t, η) +
∫ sgn t
t
dz
g5(z, η)
z
. (6.10)
Again f5,i and g5,i depend on the momentum
fraction t and a scaling variable. These relations
generalize the Wandzura–Wilczek relation of
deep inelastic scattering to non–forward ampli-
tudes.
7. CONCLUSIONS
We studied the structure of the virtual Comp-
ton amplitude for deep–inelastic non–forward
scattering γ∗+p→ γ′∗+p′ in lowest order in QED
in the massless limit. In the generalized Bjorken
region (qp+), −q2 →∞ the twist–2 contributions
to the Compton amplitude were calculated using
the non–local operator product expansion. The
twist separation and the relations between twist–
2 vector operators and twist 2 scalar operators
are essential for the current conservation at the
level of twist–2 and, moreover, all parton distri-
butions are connected with the matrix elements
of the scalar twist–2 operators.
The relations between the twist–2 contribu-
tions of the unpolarized and polarized ampli-
tude functions were derived. They are the non–
forward generalizations of the Callan–Gross
and Wandzura–Wilczek relations for unpolar-
ized and polarized deep–inelastic forward scatter-
ing. The relations for the Dirac and Pauli parts
are of the same form.
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